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In Iliadis (2005) [4] positional dimension-like functions of the type ind are given. All these
functions are studied only with respect to the property of universality. In a later paper
by the present authors, and in two papers by V.V. Tkachuk (1981, 1982) (see [7,8]), these
dimension-like functions have been studied with respect to the other standard properties
of dimension theory. In R. Koga, Subspace-dimension with respect to total spaces, Master
Thesis, Osaka Kyoiku University, 1998 (see also K.P. Hart, Jun-iti Nagata, J.E. Vaughan,
Encyclopedia of General Topology, Elsevier Science Publishers, B.V., Amsterdam, 2004)
a positional dimension-like function of the type Ind is given. Here we deﬁne new positional
dimension-like functions of the type Ind, and present for all these functions, theorems
concerning subspace theorems, partition theorems, sum theorems, and product theorems.
Finally, we give some open questions concerning these functions.
© 2011 Elsevier B.V. All rights reserved.
1. Preliminaries
The class of all ordinals is denoted by O and the ﬁrst inﬁnite cardinal by ω. In the class O we denote by (+) the natural
sum of Hessenberg (see, for example, [6]). We note the following properties of the natural sum:
(1) α(+)β = β(+)α,
(2) if α1 < α2, then α1(+)β < α2(+)β , and
(3) α(+)n = α + n for n < ω.
We also consider two symbols, “−1” and “∞”. It is assumed that −1 < α < ∞ for every α ∈ O and −1(+)α =
α(+)(−1) = α, ∞(+)α = α(+)∞ = ∞ for every α ∈ O ∪ {−1,∞}.
Let Q be a subset of a space X . We denote by IntX (Q ), ClX (Q ), and BdX (Q ) the interior, the closure, and the boundary
of Q in X , respectively.
Recall that a family B of open subsets of a space X is called a big base for X if for every pair (F ,U ) of subsets of X ,
where F is closed, U is open, and F ⊆ U , there exists V ∈ B with the property F ⊆ V ⊆ U .
Also if A and B are two disjoint subsets of a space X , then we say that a subset L of X separates A and B if there exist
two open subsets U and W of X such that: (a) A ⊆ U , B ⊆ W , (b) U ∩ W = ∅, and (c) X \ L = U ∪ W .
We recall the deﬁnition of the relative large inductive dimension given in [5] (see also [3]). The relative large inductive
dimension of Q in X , denoted by Ind(Q , X), is deﬁned as follows:
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(ii) Ind(Q , X) k, where k ∈ ω, if and only if for every pair (F ,U ) of subsets of X , where F is a closed subset of Q , U is an
open subset of X , and F ⊆ U , there exists an open subset V of X such that F ⊆ V ⊆ U and Ind(Q ∩BdX (V ), X) k−1.
2. Basic deﬁnitions and relations between positional dimension-like functions
Deﬁnition 2.1. Let Q be a subset of a space X . A family B of open subsets of X is said to be a p(0)-big base for Q in X if for
every pair (F ,U ) of subsets of X , where F is a closed subset of X , U is an open subset of X , and F ⊆ Q ∩ U , there exists
V ∈ B with the property F ⊆ Q ∩ V ⊆ Q ∩ U . A p(0)-big base B for Q in X is said to be a pos(0)-big base for Q in X if for
every pair (F ,U ) of subsets of X , where F is a closed subset of X , U is an open subset of X , and F ⊆ Q ∩ U , there exists
V ∈ B with the property F ⊆ V ⊆ U .
Deﬁnition 2.2. We denote by p0(0)-Ind the dimension-like function whose domain is the class of all pairs (Q , X), where Q
is a subset of a space X , and whose range is the class O ∪ {−1,∞} satisfying the following conditions:
(i) p0(0)-Ind(Q , X) = −1 if and only if Q = X = ∅.
(ii) p0(0)-Ind(Q , X) α, where α ∈ O, if and only if there exists a p(0)-big base B for Q in X such that for every U ∈ B
we have
p0(0)-Ind
(
Q ∩ BdX (U ),BdX (U )
)
< α.
Deﬁnition 2.3. We denote by p1(0)-Ind the dimension-like function whose domain is the class of all pairs (Q , X), where Q
is a subset of a space X , and whose range is the class O ∪ {−1,∞} satisfying the following conditions:
(i) p1(0)-Ind(Q , X) = −1 if and only if Q = ∅.
(ii) p1(0)-Ind(Q , X) α, where α ∈ O, if and only if there exists a p(0)-big base B for Q in X such that for every U ∈ B
we have
p1(0)-Ind
(
Q ∩ BdX (U ), X
)
< α.
Remarks. (1) If in Deﬁnitions 2.2 and 2.3, instead of the p(0)-big base B we consider a pos(0)-big base, then the dimension-
like function pi(0)-Ind, i ∈ {0,1}, will be denoted by posi(0)-Ind.
(2) For every space X we have
p0(0)-Ind(X, X) = pos0(0)-Ind(X, X) = Ind(X).
Deﬁnition 2.4. Let Q be a subset of a space X . A family B of open subsets of X is said to be a p(1)-big base for Q in X if
the set {Q ∩ U : U ∈ B} is a big base for the subspace Q . A p(1)-big base B for Q in X is said to be a pos(1)-big base for
Q in X if for every pair (F Q ,U ) of subsets of X , where F Q is a closed subset of Q , U is an open subset of X , and F Q ⊆ U ,
there exists V ∈ B with the property F Q ⊆ V ⊆ U .
Deﬁnition 2.5. We denote by p0(1)-Ind the dimension-like function whose domain is the class of all pairs (Q , X), where Q
is a subset of a space X , and whose range is the class O ∪ {−1,∞} satisfying the following conditions:
(i) p0(1)-Ind(Q , X) = −1 if and only if Q = X = ∅.
(ii) p0(1)-Ind(Q , X) α, where α ∈ O, if and only if there exists a p(1)-big base B for Q in X such that for every U ∈ B
we have
p0(1)-Ind
(
Q ∩ BdX (U ),BdX (U )
)
< α.
Deﬁnition 2.6. We denote by p1(1)-Ind the dimension-like function whose domain is the class of all pairs (Q , X), where Q
is a subset of a space X , and whose range is the class O ∪ {−1,∞} satisfying the following conditions:
(i) p1(1)-Ind(Q , X) = −1 if and only if Q = ∅.
(ii) p1(1)-Ind(Q , X) α, where α ∈ O, if and only if there exists a p(1)-big base B for Q in X such that for every U ∈ B
we have
p1(1)-Ind
(
Q ∩ BdX (U ), X
)
< α.
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like function pi(1)-Ind, i ∈ {0,1}, will be denoted by posi(1)-Ind. Note that the dimension-like function pos1(1)-Ind is the
transﬁnite extension of the relative large inductive dimension given in [5] (see also [3]).
(2) For every space X we have
p0(1)-Ind(X, X) = pos0(1)-Ind(X, X) = Ind(X).
The following proposition can be proved by induction.
Proposition 2.7. Let i ∈ {0,1}. For every subset Q of X we have
(1) pi(0)-Ind(Q , X) pi(1)-Ind(Q , X), and
(2) posi(0)-Ind(Q , X) posi(1)-Ind(Q , X).
If the subset Q of X is closed, then the inequalities are replaced by equalities.
Example 1. Let X = [−1,1] and Q = [− 12 , 12 ]. The family consisting of all sets of the form [−1,b) for b > 0, (a,1]
for a < 0, and (a,b) is a basis for some topology on X . We observe that pi(0)-Ind(Q , X) = posi(0)-Ind(Q , X) = 0 and
pi(1)-Ind(Q , X) = posi(1)-Ind(Q , X) > 0, i ∈ {0,1}. So the inequalities in Proposition 2.7 cannot be replaced by equalities.
Proposition 2.8. Let i ∈ {0,1}. For every subset Q of a space X we have Ind(Q ) pi(1)-Ind(Q , X).
Proof. We prove that
Ind(Q ) p0(1)-Ind(Q , X), (1)
the case i = 1 being similar. Let p0(1)-Ind(Q , X) = α ∈ O ∪ {−1,∞}. The relation (1) is clear if α = −1 or α = ∞. Sup-
pose that α ∈ O and that the relation (1) is true for every pair (Q Y , Y ) with dimension p0(1)-Ind(Q Y , Y ) < α. Since
p0(1)-Ind(Q , X) = α, there exists a p(1)-big base B for Q in X such that for every U ∈ B we have p0(1)-Ind(Q ∩
BdX (U ),BdX (U )) < α. Since the set {Q ∩ U : U ∈ B} is a big base for the subspace Q , to prove that Ind(Q )  α it suf-
ﬁces to show that Ind(BdQ (Q ∩ U )) < α for every U ∈ B . Since BdQ (Q ∩ U ) ⊆ Q ∩ BdX (U ), by the induction hypothesis we
have
Ind
(
BdQ (Q ∩ U )
)
 Ind
(
Q ∩ BdX (U )
)
 p0(1)-Ind
(
Q ∩ BdX (U ),BdX (U )
)
< α. 
As we observe in the following example the inequality in Proposition 2.8 cannot be replaced by equality.
Example 2. Let X = {a,b, c} and Q = {a,b}. We consider on X the topology τ = {∅, {c}, {a, c}, {b, c}, X}. Then, Ind(Q ) = 0,
pi(0)-Ind(Q , X) = posi(0)-Ind(Q , X) = 1, and pi(1)-Ind(Q , X) = posi(1)-Ind(Q , X) = 1, i ∈ {0,1}.
The following proposition can also be proved by induction.
Proposition 2.9. Let i ∈ {0,1}. For every subset Q of a space X we have
(1) pi(0)-Ind(Q , X) posi(0)-Ind(Q , X), and
(2) pi(1)-Ind(Q , X) posi(1)-Ind(Q , X).
The following examples show that the inequalities for i = 0 in Proposition 2.9 cannot be replaced by equalities. The case
i = 1 is an open question for us.
Example 3. Let X = {a,b, c,d} and Q = {a}. We consider on X the topology τ = {∅, {b}, {a,b}, {b, c,d}, X}. Then,
p0(0)-Ind(Q , X) = p0(1)-Ind(Q , X) = 0, pos0(0)-Ind(Q , X) = pos0(1)-Ind(Q , X) = 1,
and pos1(0)-Ind(Q , X) = pos1(1)-Ind(Q , X) = 0.
Example 4. Let X = {a,b, c} and Q = {a}. We consider on X the topology τ = {∅, {a,b}, X}. Then, p0(1)-Ind(Q , X) = 0 and
pos0(1)-Ind(Q , X) = 1.
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and p0(1)-Ind(∅, X) = pos0(1)-Ind(∅, X) = 0. We observe that if Q = {a,b, c}, then p1(0)-Ind(Q , X) = pos1(0)-Ind(Q , X) = 2
and p1(1)-Ind(Q , X) = pos1(1)-Ind(Q , X) = 2. Also, if Q ′ = {b}, then pos0(0)-Ind(Q ′, X) = pos1(1)-Ind(Q ′, X) = 0.
Example 6. Let X = {a,b, c,d} and Q = {d}. We consider on X the topology
τ = {∅, {a}, {a,b}, {a,d}, {a,b, c}, {a,b,d}, X}.
Clearly, Ind(X) = 2 and p0(1)-Ind(Q , X) = pos0(1)-Ind(Q , X) = 1.
The relations between the positional dimension-like functions of type Ind (see the above propositions and examples) are
summarized in the following two diagrams, where “→” means “” and “” means that “in general ”.
Ind(Q )
upslope
p0(1)-Ind(Q , X) upslope pos0(1)-Ind(Q , X)
p0(0)-Ind(Q , X)
upslope
upslope pos0(0)-Ind(Q , X)
upslope
Ind(Q )
upslope
p1(1)-Ind(Q , X) pos1(1)-Ind(Q , X)
p1(0)-Ind(Q , X)
upslope
pos1(0)-Ind(Q , X)
upslope
Proposition 2.10. Let X be a hereditarily normal space (that is every subspace of X is normal) and Q ⊆ X. Then, pos1(1)-Ind(Q , X) =
Ind(Q ).
Proof. By Propositions 2.8 and 2.9(2) it suﬃces to prove that
pos1(1)-Ind(Q , X) Ind(Q ). (2)
Let Ind(Q ) = α ∈ O ∪ {−1,∞}. The relation (2) is clear if α = −1 or α = ∞. Suppose that α ∈ O and that (2) is true for
every subset M of X with Ind(M) < α. Let (F Q ,U ) be a pair of subsets of X , where F Q is a closed subset of Q , U is an
open subset of X , and F Q ⊆ U . Since Ind(Q ) = α, there exists an open subset V Q of Q such that F Q ⊆ V Q ⊆ Q ∩ U and
Ind(BdQ (V Q )) < α. Since the space X is hereditarily normal, there exists an open subset V of X such that V ⊆ U , V Q =
Q ∩V , and BdQ (V Q ) = Q ∩BdX (V ). By induction hypothesis we have pos1(1)-Ind(Q ∩BdX (V ), X) Ind(BdQ (V Q )) < α. 
Corollary 2.11. Let X be a hereditarily normal space and Q ⊆ X. Then, we have p1(1)-Ind(Q , X) = Ind(Q ).
Proof. By Propositions 2.8, 2.9(2), and 2.10 we have
Ind(Q ) p1(1)-Ind(Q , X) pos1(1)-Ind(Q , X) = Ind(Q ). 
Corollary 2.12. Let X be a hereditarily normal space and Q ⊆ X. Then, we have pos1(0)-Ind(Q , X) Ind(Q ).
Proof. By Propositions 2.7(2) and 2.10 we have
pos1(0)-Ind(Q , X) pos1(1)-Ind(Q , X) = Ind(Q ). 
In [2] the positional dimension-like functions pi-Ind and posi-Ind, i ∈ {0,1} of type ind are deﬁned. Since in a T1-space
every singleton is closed, we have the following proposition.
Proposition 2.13. Let i ∈ {0,1}. For every subset Q of a T1-space X we have
(1) pi -Ind(Q , X) pi(0)-Ind(Q , X), and
(2) posi -Ind(Q , X) posi(0)-Ind(Q , X).
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Proposition 3.1. Let i ∈ {0,1} and K , Q two subsets of a space X with K ⊆ Q . Then,
(1) pi(0)-Ind(K , X) pi(0)-Ind(Q , X) and
(2) posi(0)-Ind(K , X) posi(0)-Ind(Q , X).
Proof. We prove the inequality
p0(0)-Ind(K , X) p0(0)-Ind(Q , X). (3)
The proofs of all the other inequalities are similar. Let p0(0)-Ind(Q , X) = α, where α ∈ O ∪ {−1,∞}. The inequality (3) is
clear if α = −1 or α = ∞. Let α ∈ O and suppose that inequality (3) is true for every K ⊆ Q ⊆ X with p0(0)-Ind(Q , X) < α.
There exists a p(0)-big base B for Q in X such that for every U ∈ B we have p0(0)-Ind(Q ∩ BdX (U ),BdX (U )) < α. Since
K ∩ BdX (U ) ⊆ Q ∩ BdX (U ), by the induction hypothesis,
p0(0)-Ind
(
K ∩ BdX (U ),BdX (U )
)
 p0(0)-Ind
(
Q ∩ BdX (U ),BdX (U )
)
< α,
and since B is also a p(0)-big base for K in X , p0(0)-Ind(K , X) α. 
Proposition 3.2. Let i ∈ {0,1}, Y a closed subspace of a space X, and Q ⊆ Y . Then,
(1) pi(0)-Ind(Q , Y ) pi(0)-Ind(Q , X), and
(2) posi(0)-Ind(Q , Y ) posi(0)-Ind(Q , X).
Proof. Suggestively, we prove the inequality
pos1(0)-Ind(Q , Y ) pos1(0)-Ind(Q , X). (4)
Let pos1(0)-Ind(Q , X) = α, where α ∈ O ∪ {−1,∞}. The relation (4) is clear if α = −1 or α = ∞. Let α ∈ O and suppose
that (4) is true for every Q ⊆ Y ⊆ X , where Y is closed in X , with pos1(0)-Ind(Q , X) < α. There exists a pos(0)-big base B
for Q in X such that for every U ∈ B we have pos1(0)-Ind(Q ∩ BdX (U ), X) < α. Since BdY (U ∩ Y ) ⊆ Y ∩ BdX (U ) ⊆ BdX (U ),
by Proposition 3.1(2),
pos1(0)-Ind
(
Q ∩ BdY (U ∩ Y ), X
)
 pos1(0)-Ind
(
Q ∩ BdX (U ), X
)
< α.
Also, by inductive assumption,
pos1(0)-Ind
(
Q ∩ BdY (U ∩ Y ), Y
)
 pos1(0)-Ind
(
Q ∩ BdY (U ∩ Y ), X
)
< α.
Since the subspace Y of X is closed, the set {U ∩Y : U ∈ B} is a pos(0)-big base for Q in Y . Thus, pos1(0)-Ind(Q , Y ) α. 
Proposition 3.3. Let i ∈ {0,1} and K , Q two subsets of a space X with K ⊆ Q . If the subset K is closed in Q , then
(1) pi(1)-Ind(K , X) pi(1)-Ind(Q , X), and
(2) posi(1)-Ind(K , X) posi(1)-Ind(Q , X).
Proof. We prove the inequality
p1(1)-Ind(K , X) p1(1)-Ind(Q , X). (5)
The proofs of all the other inequalities are similar. Let p1(1)-Ind(Q , X) = α, where α ∈ O ∪ {−1,∞}. The inequality (5)
is clear if α = −1 or α = ∞. Let α ∈ O and suppose that (5) is true for every K ⊆ Q ⊆ X , where K is closed in Q ,
with p1(1)-Ind(Q , X) < α. There exists a p(1)-big base B for Q in X such that for every U ∈ B we have p1(1)-Ind(Q ∩
BdX (U ), X) < α. Since the subset K ∩ BdX (U ) is closed in Q ∩ BdX (U ), by the induction hypothesis
p1(1)-Ind
(
K ∩ BdX (U ), X
)
 p1(1)-Ind
(
Q ∩ BdX (U ), X
)
< α.
Moreover, since K is closed in Q , B is a p(1)-big base for K in X . Thus, p1(1)-Ind(K , X) α. 
Proposition 3.4. Let i ∈ {0,1}, Y a subspace of a space X, and Q ⊆ Y . Then,
(1) pi(1)-Ind(Q , Y ) pi(1)-Ind(Q , X), and
(2) posi(1)-Ind(Q , Y ) posi(1)-Ind(Q , X).
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p0(1)-Ind(Q , Y ) p0(1)-Ind(Q , X). (6)
Let p0(1)-Ind(Q , X) = α ∈ O∪ {−1,∞}. The relation (6) is clear if α = −1 or α = ∞. Let α ∈ O and suppose that (6) is true
for every Q ⊆ Y ⊆ X with p0(1)-Ind(Q , X) < α. There exists a p(1)-big base B for Q in X such that for every U ∈ B we
have p0(1)-Ind(Q ∩ BdX (U ),BdX (U )) < α. Since the subset Q ∩ BdY (U ∩ Y ) is closed in Q ∩ BdX (U ), by Proposition 3.3(1),
p0(1)-Ind
(
Q ∩ BdY (U ∩ Y ),BdX (U )
)
 p0(1)-Ind
(
Q ∩ BdX (U ),BdX (U )
)
< α.
Also, by the induction hypothesis, p0(1)-Ind(Q ∩ BdY (U ∩ Y ),BdY (U ∩ Y ))  p0(1)-Ind(Q ∩ BdY (U ∩ Y ),BdX (U )) < α, and
since the set {U ∩ Y : U ∈ B} is a p(1)-big base for Q in Y , we have p0(1)-Ind(Q , Y ) α. 
4. Partition theorems
In this section we consider a ﬁxed space X , a subset Q of X , and an ordinal number α.
Proposition 4.1. The following statements are true:
(1) If for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there exists a subset L of the space X which separates the sets
A and B such that p0(0)-Ind(Q ∩ L, L) < α, then p0(0)-Ind(Q , X) α.
(2) If for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there exists a subset L of the space X which separates the sets
A and B such that p1(0)-Ind(Q ∩ L, X) < α, then p1(0)-Ind(Q , X) α.
Proof. We prove only the statement (1) for the dimension p0(0)-Ind. Let (F ,U ) be a pair of subsets of X , where F is a
closed subset of X , U is an open subset of X , and F ⊆ Q ∩ U . By assumption there exists a subset L of X which separates
F and X \ U such that p0(0)-Ind(Q ∩ L, L) < α. Let V and W be open subsets of X such that: (1) F ⊆ V , X \ U ⊆ W ,
(2) V ∩ W = ∅, and (3) X \ L = V ∪ W . By (1) and (2) we have F ⊆ V ⊆ X \ W ⊆ U . Moreover, by (2) and (3) we have
BdX (V ) ⊆ (V ∪ L) \ V = L.
Since p0(0)-Ind(Q ∩ L, L) < α and BdX (V ) ⊆ L, by Proposition 3.1(1),
p0(0)-Ind
(
Q ∩ BdX (V ), L
)
 p0(0)-Ind(Q ∩ L, L) < α.
Also, since BdX (V ) is a closed subset of L, by Proposition 3.2(1),
p0(0)-Ind
(
Q ∩ BdX (V ),BdX (V )
)
 p0(0)-Ind
(
Q ∩ BdX (V ), L
)
.
Thus, p0(0)-Ind(Q ∩ BdX (V ),BdX (V )) < α and, hence, p0(0)-Ind(Q , X) α. 
The proof of the following proposition is similar to the proof of Proposition 4.1.
Proposition 4.2. The following statements are true:
(1) If for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there exists a subset L of the space X which separates the sets
A and B such that pos0(0)-Ind(Q ∩ L, L) < α, then pos0(0)-Ind(Q , X) α.
(2) If for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there exists a subset L of the space X which separates the sets
A and B such that pos1(0)-Ind(Q ∩ L, X) < α, then pos1(0)-Ind(Q , X) α.
In the following proposition we prove the converse of Proposition 4.2 for normal spaces.
Proposition 4.3. The following statements are true:
(1) If pos0(0)-Ind(Q , X)  α, then for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there exists a subset L of X
which separates A and B such that pos0(0)-Ind(Q ∩ L, L) < α.
(2) If pos1(0)-Ind(Q , X)  α, then for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there exists a subset L of X
which separates A and B such that pos1(0)-Ind(Q ∩ L, X) < α.
Proof. We prove only the statement (1). Let (A, B) be a pair of disjoint closed subsets of X , where A ⊆ Q . Then, X \ B is
an open subset of X and A ⊆ X \ B . Therefore, since the space X is normal, there exists an open subset U of X such that
A ⊆ U ⊆ ClX (U ) ⊆ X \ B . Moreover, since pos0(0)-Ind(Q , X) α, there exists V ∈ B such that A ⊆ V ⊆ U ⊆ ClX (U ) ⊆ X \ B
and pos0(0)-Ind(Q ∩ BdX (V ),BdX (V )) < α. Since BdX (V ) separates A and B , the required subset L of X is BdX (V ). 
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(1) If for any pair (A, B) of disjoint closed subsets of the subspace Q there exists a subset L of the space X which separates the sets A
and B such that p0(1)-Ind(Q ∩ L, L) < α, then p0(1)-Ind(Q , X) α.
(2) If for any pair (A, B) of disjoint closed subsets of the subspace Q there exists a subset L of the space X which separates the sets A
and B such that p1(1)-Ind(Q ∩ L, X) < α, then p1(1)-Ind(Q , X) α.
Proof. We prove only the statement (1). Let (F Q ,U ) be a pair of subsets of X , where F Q is a closed subset of Q , U
is an open subset of X , and F Q ⊆ U . By assumption there exists a subset L of X which separates F Q and Q \ U such
that p0(1)-Ind(Q ∩ L, L) < α. Let V and W be open subsets of X such that: (1) F Q ⊆ V , Q \ U ⊆ W , (2) V ∩ W = ∅,
and (3) X \ L = V ∪ W . By (1) and (2) we have F Q ⊆ Q ∩ V ⊆ Q ∩ (X \ W ) ⊆ Q ∩ U . Moreover, by (2) and (3) we have
BdX (V ) ⊆ L. Since p0(1)-Ind(Q ∩ L, L) < α and Q ∩ BdX (V ) is a closed subset of Q ∩ L, by Propositions 3.3(1) and 3.4(1),
we have p0(1)-Ind(Q ∩ BdX (V ),BdX (V )) < α. Thus, p0(1)-Ind(Q , X) α. 
Proposition 4.5. The following statements are true:
(1) If for any pair (A, B) of disjoint subsets of X , where A is closed subset of Q and B is closed subset of X , there exists a subset L of
X which separates A and B such that pos0(1)-Ind(Q ∩ L, L) < α, then pos0(1)-Ind(Q , X) α.
(2) If for any pair (A, B) of disjoint subsets of X , where A is closed subset of Q and B is closed subset of X , there exists a subset L of
X which separates A and B such that pos1(1)-Ind(Q ∩ L, X) < α, then pos1(1)-Ind(Q , X) α.
Proof. We prove only the statement (1). Let (F Q ,U ) be a pair of subsets of X , where F Q is a closed subset of Q , U is
an open subset of X , and F Q ⊆ U . By assumption there exists a subset L of X which separates F Q and X \ U such that
pos0(1)-Ind(Q ∩ L, L) < α. Let V and W be open subsets of X such that: (1) F Q ⊆ V , X \ U ⊆ W , (2) V ∩ W = ∅, and
(3) X \ L = V ∪ W . By (1) and (2) we have F Q ⊆ V ⊆ X \ W ⊆ U . Moreover, by (2) and (3) we have BdX (V ) ⊆ L. Since
pos0(1)-Ind(Q ∩ L, L) < α and Q ∩ BdX (V ) is a closed subset of Q ∩ L, by Propositions 3.3(2) and 3.4(2), we have
pos0(1)-Ind
(
Q ∩ BdX (V ),BdX (V )
)
< α.
Thus, pos0(1)-Ind(Q , X) α. 
5. Sum theorems
Lemma 5.1. Let Q be a closed subset of a hereditarily normal space X and α ∈ O.
(1) If p1(0)-Ind(Q , X) α, then for any pair (A, B) of disjoint closed subsets of X there exists a subset L of X which separates A and
B such that p1(0)-Ind(Q ∩ L, X) < α.
(2) If pos1(0)-Ind(Q , X) α, then for any pair (A, B) of disjoint closed subsets of X there exists a subset L of X which separates A
and B such that pos1(0)-Ind(Q ∩ L, X) < α.
Proof. We prove only the statement (1). Let (A, B) be a pair of disjoint closed subsets of X . Since X is normal, there exist
two open subsets U1,U2 of X such that A ⊆ U1, B ⊆ U2, and ClX (U1) ∩ ClX (U2) = ∅. Since X is hereditarily normal, Q is
normal and, therefore, there exists an open subset U of X such that
Q ∩ ClX (U1) ⊆ Q ∩ U ⊆ ClQ (Q ∩ U ) ⊆ Q \ ClX (U2).
Moreover, since p1(0)-Ind(Q , X)  α, there exists an open subset V of X such that Q ∩ ClX (U1) ⊆ Q ∩ V ⊆ Q ∩ U ⊆
ClQ (Q ∩ U ) ⊆ Q \ ClX (U2) and p1(0)-Ind(Q ∩ BdX (V ), X) < α. By Proposition 3.1(1) we have
p1(0)-Ind
(
BdQ (Q ∩ V ), X
)
 p1(0)-Ind
(
Q ∩ BdX (V ), X
)
.
Also, BdQ (Q ∩ V ) separates Q ∩ ClX (U1) and Q ∩ ClX (U2) in Q . By [1, Lemma 1.2.9] (see also Remark 1.2.10) there exists a
subset L of X which separates A and B such that Q ∩ L = BdQ (Q ∩ V ) and, therefore, p1(0)-Ind(Q ∩ L, X) < α. 
Proposition 5.2. Let Q 1 and Q 2 be two subspaces of a hereditarily normal space X. If the subset Q 1 of X is closed, then
(1) p1(0)-Ind(Q 1 ∪ Q 2, X) p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X) + 1, and
(2) pos1(0)-Ind(Q 1 ∪ Q 2, X) pos1(0)-Ind(Q 1, X)(+)pos1(0)-Ind(Q 2, X) + 1.
Proof. We prove only the relation
p1(0)-Ind(Q 1 ∪ Q 2, X) p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X) + 1 (7)
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α = p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X).
If α = −1, then p1(0)-Ind(Q 1, X) = p1(0)-Ind(Q 2, X) = −1, which means that Q 1 ∪ Q 2 = ∅ and, therefore, (7) is true.
Suppose that for any hereditarily space X and its subsets Q 1, Q 2 relation (7) is true if
p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X) < α,
where α is a ﬁxed ordinal. We shall prove (7) for the case p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X) = α. Let p1(0)-Ind(Q 1, X) =
α1 and p1(0)-Ind(Q 1, X) = α2, where α1,α2 ∈ O ∪ {−1}. If α1 = −1 or α2 = −1, then Q 1 = ∅ or Q 2 = ∅, respectively and
the relation (7) is true.
By Proposition 4.1(2) it suﬃces to prove that for every pair (A, B) of disjoint closed subsets of X , where A ⊆ Q 1 ∪ Q 2,
there exists a subset L of X which separates A and B such that p1(0)-Ind((Q 1 ∪ Q 2)∩ L, X) < α + 1. Let (A, B) be a pair of
disjoint closed subsets of X , where A ⊆ Q 1 ∪ Q 2. By Lemma 5.1(1) there exists a subset L of X which separates A and B
such that p1(0)-Ind(Q 1 ∩ L, X) < α1. Moreover, by Proposition 3.1(1),
p1(0)-Ind(Q 2 ∩ L, X) Ind(Q 2, X) = α2.
Therefore,
p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X) < α1(+)α2 = α.
Since (Q 1 ∪ Q 2) ∩ L = (Q 1 ∩ L) ∪ (Q 2 ∩ L), by the induction hypothesis,
p1(0)-Ind
(
(Q 1 ∪ Q 2) ∩ L, X
)
< α + 1.
Thus,
p1(0)-Ind(Q 1 ∪ Q 2, X) α + 1 = p1(0)-Ind(Q 1, X)(+)p1(0)-Ind(Q 2, X) + 1. 
Remark. By Proposition 2.10 and Corollary 2.11 follows that the above sum theorem is trivial for the dimensions p1(1)-Ind
and pos1(1)-Ind.
6. A coincidence theorem for positional dimension-like functions pos1-Ind and pos1(0)-Ind
In [2] the positional dimension-like functions pos1-Ind of the type ind is deﬁned. In this section we give conditions for
the positional dimension-like functions pos1-Ind and pos1(0)-Ind to coincide.
Deﬁnition 6.1. Let df be one of the positional dimension-like functions of the type Ind: pi( j)-Ind, posi( j)-Ind, where i ∈
{0,1} and j ∈ {0,1}. We say that the countable sum theorem for df holds in a space X if for every countable family Q i ,
i = 1,2, . . . , of closed subspaces of X with df (Q i, X) α, i = 1,2, . . . , we have df (⋃∞i=1 Q i, X) α.
Lemma 6.2. Let X be a Lindelöf regular space and Q a closed subset of X . If pos1-Ind(Q , X) α, then for any pair (A, B) of disjoint
closed subsets of X there exists a subset L of X which separates A and B such that Q ∩ L = Q ∩⋃∞i=1 Li , where Li is closed in X and
pos1-Ind(Q ∩ Li, X) < α, i = 1,2, . . . .
Proof. Let (A, B) be a pair of disjoint closed subsets of X . Since the space X is normal, there exists two open subsets U
and V of X such that A ⊆ U , B ⊆ W , and ClX (U ) ∩ ClX (W ) = ∅. Since X is Lindelöf and pos1-Ind(Q , X) α, there exists a
countable open reﬁnement{
V1, V2, . . . , X \
(
Q ∪ ClX (U )
)
, X \ (Q ∪ ClX (W ))}
of the open cover {X \ ClX (U ), X \ ClX (W )} of X such that either ClX (Vi) ∩ A = ∅ or ClX (Vi) ∩ B = ∅ and pos1-Ind(Q ∩
BdX (Vi), X) < α, i = 1,2, . . . . By [1, Lemma 2.3.16] there exists a subset L of X which separates A and B such that Q ∩
L = Q ∩ ⋃∞i=1 Li , where Li = L ∩ BdX (Vi), i = 1,2, . . . . Obviously, pos1-Ind(Q ∩ Li, X)  pos1-Ind(Q ∩ BdX (Vi), X) < α,
i = 1,2, . . . . 
Proposition 6.3. Let X be a Lindelöf regular space in which the ﬁnite sum theorem for pos1(0)-Ind holds and Q a closed subset of X .
Then, we have pos1-Ind(Q , X) = pos1(0)-Ind(Q , X).
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pos1(0)-Ind(Q , X) pos1-Ind(Q , X). (8)
Let pos1-Ind(Q , X) = α ∈
⋃{−1,∞}. The relation (8) is clear if α = −1 or α = ∞. Suppose that α ∈ O and that (8) is true
for every subset Q Y of a Lindelöf regular space Y with pos1-Ind(Q
Y , Y ) < α. We prove that pos1(0)-Ind(Q , X) α.
By Proposition 4.2(2) it suﬃces to prove that for any pair (A, B) of disjoint closed subsets of X , where A ⊆ Q , there
exists a subset L of X which separates A and B such that pos1(0)-Ind(Q ∩ L, X) < α. Let (A, B) be a pair of disjoint closed
subsets of X .
By Lemma 6.2 there exists a subset L of X which separates A and B such that L =⋃∞i=1 Li , where Li is closed in X and
pos1(0)-Ind(Q ∩ Li, X) < α, i = 1,2, . . . . Since the countable sum theorem for pos1(0)-Ind holds in X ,
pos1(0)-Ind(Q ∩ L, X) = pos1(0)-Ind
(
Q ∩
∞⋃
i=1
Li, X
)
= pos1(0)-Ind
( ∞⋃
i=1
(Q ∩ Li), X
)
< α. 
7. Product theorems
Deﬁnition 7.1. Let df be one of the positional dimension-like functions of the type Ind: pi( j)-Ind, posi( j)-Ind, where i ∈ {0,1}
and j ∈ {0,1}. We say that the ﬁnite sum theorem for df holds in a space X if for every pair (Q 1, Q 2) of closed subspaces of
X with df (Q 1, X) α and df (Q 2, X) α we have df (Q 1 ∪ Q 2, X) α.
Proposition 7.2. Let X and Y be two compact spaces and Q X , Q Y two closed subsets of X and Y , respectively.
(1) If the ﬁnite sum theorem for p1(0)-Ind holds in the space X × Y , then
p1(0)-Ind
(
Q X × Q Y , X × Y ) p1(0)-Ind(Q X , X)(+)p1(0)-Ind(Q Y , Y ).
(2) If the ﬁnite sum theorem for pos1(0)-Ind holds in the space X × Y , then
pos1(0)-Ind
(
Q X × Q Y , X × Y ) pos1(0)-Ind(Q X , X)(+)pos1(0)-Ind(Q Y , Y ).
Proof. We prove for example the relation
pos1(0)-Ind
(
Q X × Q Y , X × Y ) pos1(0)-Ind(Q X , X)(+)pos1(0)-Ind(Q Y , Y )
by induction. If pos1(0)-Ind(Q
X , X)(+)pos1(0)-Ind(Q Y , Y ) = −1, then Q X and Q Y are empty and so pos1(0)-Ind(Q X ×Q Y ,
X × Y ) = −1.
Suppose that the inequality is true for any pairs (Q X , X) and (Q Y , Y ) with
pos1(0)-Ind
(
Q X , X
)
(+)pos1(0)-Ind
(
Q Y , Y
)
< α,
where α is a ﬁxed ordinal. We consider two pairs (Q X , X) and (Q Y , Y ) with
pos1(0)-Ind
(
Q X , X
)
(+)pos1(0)-Ind
(
Q Y , Y
)= α.
We need to prove that
pos1(0)-Ind
(
Q X × Q Y , X × Y ) α.
If pos1(0)-Ind(Q
X , X) = −1 or pos1(0)-Ind(Q Y , Y ) = −1, then Q X × Q Y = ∅ and, therefore, pos1(0)-Ind(Q X × Q Y , X×Y ) =
−1 < α.
Let pos1(0)-Ind(Q
X , X) = β and pos1(0)-Ind(Q Y , Y ) = γ , where β,γ ∈ O. Let (F ,U ) be a pair of subsets of X ×Y , where
F is a closed subset of X × Y , U is an open subset of X × Y , and F ⊆ Q X × Q Y ∩ U . It suﬃces to deﬁne an open subset V
of X × Y such that F ⊆ V ⊆ U and
pos1(0)-Ind
((
Q X × Q Y )∩ BdX×Y (V ), X × Y )< α.
By the compactness of F , there exist ﬁnitely many open subsets V X1 , . . . , V
X
n of X and open subsets V
Y
1 , . . . , V
Y
n of Y
such that F ⊆ V =⋃ni=1(V Xi × V Yi ) ⊆ U , pos1(0)-Ind(Q X ∩ BdX (V Xi ), X) < β , and pos1(0)-Ind(Q Y ∩ BdY (V Yi ), Y ) < γ , for
i = 1, . . . ,n. We have
D.N. Georgiou et al. / Topology and its Applications 158 (2011) 2056–2065 2065(
Q X × Q Y )∩ BdX×Y (V ) = (Q X × Q Y )∩ BdX×Y
(
n⋃
i=1
(
V Xi × V Yi
))
⊆
n⋃
i=1
((
Q X × Q Y )∩ BdX×Y (V Xi × V Yi ))
⊆
n⋃
i=1
((
Q X × Q Y )∩ ((X × BdY (V Yi ))∪ (BdX(V Xi )× Y )))
⊆
n⋃
i=1
((
Q X × (Q Y ∩ BdY (V Yi )))∪ ((Q X ∩ BdX(V Xi ))× Q Y )),
pos1(0)-Ind
(
Q X , X
)
(+)pos1(0)-Ind
(
Q Y ∩ BdY
(
V Yi
)
, Y
)
< β(+)γ = α,
and
pos1(0)-Ind
(
Q X ∩ BdX
(
V Xi
)
, X
)
(+)pos1(0)-Ind
(
Q Y , Y
)
< β(+)γ = α.
By the induction hypothesis we have
pos1(0)-Ind
(
Q X × (Q Y ∩ BdY (V Yi )), X × Y )< α
and
pos1(0)-Ind
((
Q X ∩ BdX
(
V Xi
))× Q Y , X × Y )< α.
Since the ﬁnite sum theorem for pos1(0)-Ind holds,
pos1(0)-Ind
((
Q X × Q Y )∩ BdX×Y (V ), X × Y )< α. 
8. Questions
(1) Find a space X and a subset Q of X such that
p1(0)-Ind(Q , X) < pos1(0)-Ind(Q , X).
(2) Find a space X and a subset Q of X such that
p1(1)-Ind(Q , X) < pos1(1)-Ind(Q , X).
(3) Is it true that pos1-Ind(Q , X) = pos1(0)-Ind(Q , X) for every metrizable space X?
(4) Do the sum and product theorems (Propositions 5.2 and 7.2) hold for the positional dimension-like functions of the
type Ind that are not mentioned in Propositions 5.2 and 7.2?
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